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Abstract

A canonical reciprocation center function for a class of geometric ob-
jects is a function assigningto ead object a\canonical certer" point, such
that if ¢ is the canonical center of P, and P* is the reciprocal of P with
respect to a hypersphere of any radius certered at c, then the canonical
center of P is also c.

We presert a canonical reciprocation cernter function for compact (closed
and bounded) convex subsetsof R" with non-empty interior. This func-
tion is continuous under continous deformations of the compact convex
set, and it commutes with rotations, translations, re°ections, and uniform
scalingsof R". This answers a $1000question posedby John Conway [].

[ XXX is there a way to say the commuting thing more concisely?
\comm utes with shape-preserving transformations on R""?]

1 Intro duction

Two polyhedra P and Q are said to be duals of eat other if there is a 1-to-1
incidence-preservingcorrespondence between the (faces, edges,vertices) of P
and the (vertices, edges,faces)of Q, respectively.

When examining the structure of a polyhedron, it is often usefulto examine
its dual polyhedron at the sametime. For example, the computer program
Stella [XXX ref] allows viewing and manipulating a (\primal") polyhedron P
and its dual polyhedron Q, either side-by-side, or superimposed.

However, the dual polyhedron Q, being de ned only by its structure (i.e.
incidencesamong its boundary elemens) in relation to P, is not geometrically
unique: for example,starting with any particular dual Q of P, any atne squash-
ing, stretching, or shearingof Q results in a new polyhedron that equally well
satis”es the de nition of dual of P. More exotic deformations of R® result in a
wide range of possibleduals for any particular polyhedron.

So such a program or presenation has a choice to make: which dual to
presen, for a given primal polyhedron P?



First, notethat it is not obviousthat every polyhedron hasa dual polyhedron
at all. We will henceforth restrict our attention to cornvex polyhedra: for this
classof polyhedra, we can usethe processof reciprocation about a sphere(which
we will de ne in Section2 [XXX get xref right]) to produce a dual polyhedron
Q; furthermore, reciprocating Q about the samesphereyields P again.

Howevwer, the processof reciprocation still leaves somefreedom: it requires
a choice of reciprocation center (which can be any point in the interior of P)
and reciprocation radius. The radius is not particularly problematic: for a given
reciprocation certer, changingthe reciprocation radius simply resultsin alarger
or smaller reciprocal polyhedron Q, without changing its shape or orientation.
So a reasonablechoice for radius might be one that equalizessomemeasureof
the sizesof P and Q, say, their volumes, surfaceareas,or averagedistancesfrom
the reciprocation certer (measuredin any of various ways).

The choice of reciprocation certer, on the other hand, is surprisingly prob-
lematic. Since the duality relation is symmetric, it seemsreasonableand de-
sirable to try to make our canonical-dual-cioosing processsymmetric as well.
But obvious choicesof reciprocation certer violate this desired symmetry. For
example, let's look at what happenswhen we try using the certroid (center of
mass) of the primal polyhedron as the reciprocation certer. Starting with P,
we nd its certroid ¢ (P) and reciprocate about a spherecertered at c (P) to
get the reciprocal polyhedron Q. Then we nd the certroid c¢(Q) of Q and
reciprocate Q about a sphere certered there to get a polyhedron P% PO has
the samestructure as P (since they are both dual to Q, which speci es their
structure), but in generalthey will not have the sameshape, unlessc (Q) hap-
pensto equal c (P), which is not true in general. Various other na&e attempts
result in exactly the same problem, and one becomestempted to believe that
no well-behaved certer-choosing strategy exists.

Note that in the special casewhen P has a certer of symmetry c (i.e. a
unique point that is 'xed by all symmetries of P), then there is no issue: c
is the natural choice, and in fact it is the only possible choice, assuming we
want behavior independert of the orientation of P. This is the casefor the
regular (Platonic) and uniform (Archimedian) polyhedra. Sothe ditcult y arises
when we start looking at more general polyhedra without certers of symmetry,
e.g. certain of the Johnson solids (convex polyhedra whose facesare regular
polygons) [XXX ref].

Our task isto nd a canonical reciprocation center function: that is, a func-
tion assigningto ead cornvex polyhedron a point in its interior suitable for use
as a reciprocation certer. In particular, it must satisfy the desired symmetric
behavior described above, aswell as a reasonablecortinuity condition{ cortin-
uous changesin P must not result in jumps of the reciprocation certer! At this
point, it is not obvious that any sud function exists.

In this paper, will construct suc a function. [XXX should mertion that the
function has even better/stronger continuity than might be expected: it does
not jump even if the topology of the polyhedron changes,e.g. when a face is
subdivided by addition of a new edge.] The construction and proof works not
just for convex polyhedra, but for all compact (i.e. closedand bounded) convex



subsetsof R" (n, 1) with non-empty interior. So we start with the following
de nitions.
De nitions: Forn, 1, let
P" =fP % R" : P is compact (closedand bounded), corvex,
and has non-empty interiorg:
P =fP2P":02int (P)g:

whereint (P) denotesthe interior of P.

2 Recipro cation

Denitions: If P 2 PJ, we dene the reciprocal Pi 1 of P about the unit
hypersphereas:

Pil=fgq2R":8p2P p¢q- 1g:

[ XXX warn not to call it \in verse" or you will be spanked ]
It easily follows from the de nition that reciprocation reversesscale;that is,

forr > 0:
: pil
(rP) "= —— (1)

whererP = frp:p 2 Pg:

It is also straightforward to ched that Pi il is compact and corvex, and
cortains 0 in its interior; i.e. Pi 12 P§ andso Pil ' ' isdeTed.
Lemma 2.1 Forall P2 P, 'Pil '=p.

Proof of Lemmaﬂ: Forallv2 R",letH (v) = fw 2 R" :w ¢v - 1g. Note
that fH (v) : v 2 R" nf0gg is precisely the set of closedhalf-spacescontaining
the origin in their interiors, and H (0) = R". Note also the following duality
correspondence:for all v;w 2 R",

W2H(V)() vew - 1() v2H(Ww): 2
Then, givenP 2 PJ,
Pil=fq2R":8p2P p¢gq- 1g by denition
={92R":8p2P a2 H(p)g by B
= fH (p):p2Pg: 3)
On the other hand,
Pil=fq2R":8p2P p¢q- 1g by denition

=fq2R":8p2P p2H(q)g by (@)
=fq2R":P %H (q)g: (4)



Combining thesetwo ways of looking at reciprocation, we get:

i ¢ \' © a
lPil'lz\ H(@:q2Pit by @
= fH(q):q2R"andP %H(q)g by ()
\
= fH(g):g2R"nf0g and P Y2 H (q)g;

the last equality holding sinceH (0) = R" doesnot a®ectthe intersection. In
other words,

i ¢ \
'PilT oy H is a closedhalfspace,0 2 int (H), and P “2Hg
\
= fH :H isaclosedhalfspaceand P “2Hg; sinceO0 2 int (P):

So 'pi 181 is the intersection of all closedhalf-spacesthat cortain P; that

is, 'pit i_l is the closureof the corvex hull of P. But P is already corvex and
1% 1 _
closed,so Pi =P.o

The proof of Lemma E used the generally useful fact that Pi 1 can be
thought of in two ways: either asthe intersection of all closedhalfspacesH (p)
corresponding to points p 2 P, or asthe set of all points g corresponding to
the closed halfspacesH (q) containing P. Boundary points of P correspond
to bounding planesof Pi 1 and vice-versa. In particular, if P is a polygon or
polyhedron, then sois Pi 1, and the vertices of P correspond to the sidesor
facesof P ! and vice-versa.

We now generalizethe de nition of reciprocation about the unit hypersphere
to that of reciprocation about an arbitrarily sized hyperspherecernered any-
wherein the interior of P (P may or may not contain the origin), asfollows. To
reciprocate about a hypersphere,giventhe hypersphere'scerter ¢ 2 int (P) and
radiusr > 0, we translate and scaleR" sothat the hyperspherehascerter 0 and
radius 1, reciprocate, and then apply the inversescaleand translation. Writing
this out and applying (ﬂ), weget,forall P 2 P",c2 int (P),andr > O:

H ﬂ] 1

. P
reciprocal (P;c;r)=c+r I ¢

=c+r?(Pj o) t: ®)

Then of coursereciprocal (P;0;1) = Pi 1. [Pictures of reciprocals needed! This
paper is self-cortained so should try to be helpful to people unfamiliar with
reciprocals!]

De nition: If P 2 PJ and v 2 R" nf0g, let rp (v) denote the (positive)
distance from the origin to the boundary of P in the direction of v.

Lemma 2.2 If P 2 PJ, thenfor all u 2 R" suchthat kuk = 1,

rei 1 (u) = 1=r‘;nzapx(p ¢u):



Proof of LemmaR.2 If P 2 P§ and kuk = 1, then
mzapx(p ¢u) = supfs, 0:9p2P p¢u > sg
P

=inffs, 0:8p2P p¢u - sg sinceP is connected,

bounded, and contains 0
7 Y

inf r} 0:8p2P pcu - r}
Y% 1?/4
l1=sup r, 0:8p2P pcu - -

1:supg, 0:8p2P peru- 1g

l=sup r, O:ru2Pi! : bydeniton of Pi?
1=rpi1 (u)

rpia(U) = 1=g12ap><(p¢U): o

[XXX make corollary numbersin samesequenceas lemma numbers!]

Corollary 2.1 If P 2 P", then for all ¢ 2 int (P) and u 2 R" such that
kuk = 1,

((pi oy (W) = 1=max((pi c) ou):

Proof of Corollary P.J: Use (P i c) for the P of LemmaR.d =

3 A Canonical Recipro cation Center Function
De nition: Denef :P§! R" by:
A

f(P)= log(rp (u)) u dA;
u2git
the integral being taken over the (hyper-) areaasu rangesover the unit hyper-
sphereS"i in R".

Intuitiv ely, f (P) is the weighted averageof all unit vectors, with ead weight
being equalto the logarithm (possibly negative) of the distance from the origin
to the boundary of P in that direction.

f can be thought of as a vector-valued measureof the \o®certeredness" of
P from the origin. In particular, note that when only one part of the boundary
of P is very closeto the origin, f (P) will be weighted heavily in the opposite
direction due to the dominance of the negative logarithm in the direction of the
boundary.

[ XXX mertion that the log can be with respect to any base;changing the
basemultiplies f by a scalar, and all the results of this paper still hold, and the
“nal reciprocation certer is the same]

A somewhatsurprising property of f (P) is that it is imperviousto scaling
of P, asthe next Lemma shaws.



Lemma 3.1 If P 2 PJ ands > 0, thenf (sP) = f (P), wheresP = fsp:p 2 Pg.

Proof of Lemma .7
z

f (sP) = log(rsp (u))u dA
ZLIZSnI 1

s log(srp (u)) u dA
z'e>

(log(s) + log(re (u))) u dA
u29”2 7
log(s) u dA + log(rp (u)) u dA
7 u29it u29it
0+ log(rp (u)) u dA
u2si 1
f(P): a

At this point, we remark that in our questto produce a canonical recipro-
cation certer, a reasonableapproad might be to look for a (hopefully unique)
point ¢ 2 int (P) such that f (P j c) = 0, and hope that when we do the same
to the reciprocal of P with respect to a spherecertered at c, the result is the
samepoint c. Lemma@ shows that the radius of reciprocation is irrelevant;
that is, if this works for someradius than it will work for all radii.

Unfortunately, it turns out ghat it doesnot work, sinceit can be (and often
is) that f (P) = 0andf Pi' & 0. However, we will now usef to construct
a similar function F that doesnot su®erfrom this problem.

De nition: Dene F : P{! R" by:

F(P)="f(P)i fiPi1¢:

The next Lemma shows that the analogueof Lemmaf.] holds for F instead
of f.

Lemma 3.2 If P 2 Pj ands> 0, thenF (sP) = F (P).

Proof of LemmaB.2

F(sP)=f (sP)j f (sP)'*

=f(sP)j f's 1§i1¢ by ()
f(P)i f'PIT: by Lemmaf.d
F(P): =

P e
Lemma 3.3 If P 2 PJ, thenF 'Pi L =i F (P).



Proof of Lemma B3

. ) ¢ . ) ¢ 3. )
Flpit=f'pit’y ¢ 'pit
fI_PIl i f(P); bylLemmaPR]
ity f'pit

i F(P): =

¢ 4

Now we would like to show that for all P 2 P", thereis a unique c 2 int (P)
such that F (P j ¢) = 0. This will be establishedby the next two Lemmas.
De nition: For P 2 P",dene Fp :int (P)! R" by:

Fe(c)=F(Pi o:
Lemma 3.4 For all P 2 P", Fp is one-to-one.

[XXX I think this proof would look lesscluttered if ¢ wasn't throughout it.
So, should argue for when ¢ = 0 and then generalize(perhaps as a corollary).
Note this is ne for the refsto () and () later in Lemma B.§ sincethey only use
the c=0 case.] Proof of Lemma@: GivenP 2 P",c2int (P)," > 0,andv 2
R" such kvk = 1andc+"v 2 int (P), we must show that Fp (c+ "v) 6 Fp (C).
We will do this by shawing that

(Fp(c+"Vv)i Fp(c))tv<Or
By de nition of Fp and F,
(Fp(c+"v)i Fe(c))ev=(F(Pi (c+t"v))i F(Pi c)ov
FPic+ vif (Pi(crmv) '

i fPicoif (Pict' v
(f(Pi (crv)i f(Pic)cv
i f P+ )t if Pict ov:

We want to show this is < 0, soit su+xcesto show that

(fPi(c+tv)if(Pic)Hev: 0 (6)

and
3 3 3

f Pi(+"v))' if (Pic't ev>o0 (7)

Proof of (B):
De ne
a

© .
S = u28itiuev>0
S, = u28it:udv<o :



Foreahu 2 S/, letul = uj 2(u¢v)v 2 S,; ie. ul isu with its \v"
componert reversed. Note that

ul ev=1j utv: (8)

Sincethe disjoint union S} [ S, is all of S"i 1 exceptfor a set of area zero, we
can pair up the terms in the de nition of f (P j c), asfollows:
Y4

f(Pijc) log(rp; ¢ (u)) u dA; by de nition of f
ZUZS“i 1 Z

log(re; c () udA +  log(rp; ¢ (u)) u dA
Zuzsj u2s,

i i i ¢c ¢
log(rp; c(U))u+log rp;c u' ul dA
uz2s;

So

i i i ¢ ¢
f(Pjc)ev= log(rp; c(U))udv +log rp;c u' u' ¢v dA
S
i i i . ¢ ¢
= log(rp; c(U))udvi log rp; c ui udv dA; by (§)
S

i i i . ¢ce
= log(rp; ¢ (u))i log rp; ¢ u' u ¢v dA
S
z 1
H re; ¢ (U)

= log

- u ¢v dA
u2s; rp;c(ui)

Using this and the analogousexpressionfor f (P j (c+ "v)) ¢v, we get:

g(PI (c+"v))i f(Pi C)%‘]:V 0"

= log TRiern (W) i log 7”" c (u) u ¢v dA
uzs rpi (c+vv) (UT) rp;c(ui)

To show that this is - 0, it sutcesto show that the integrand is - 0 for all
u2S,. Eachutv > 0by denition of S, sowe just needto shaw that

1
og i@ ' M@ o
rPi(c+"v)(ui) ! rPic(ui) ’
i.e. that
1
og i@ 1 e ()
rPi(c+"v)(ui) rPic(ui) ’
i.e. that
e (c+v) (U) - Ipy c(u) .

©)

rPi(c+"v)(ui) rPic(Ui).



Figure 1: Sliceof P shawing that =i =) re;cu)

rP;(cd—"v)(ui) rPiC(ui)-

Figure shcws the intersection of P with a 2-d plane corntaining c, ¢ + v,
and ¢ + u. The fact that u ¢v > 0 guaranteesthat the two outer lines, from
c to bd (P) in the direction of ui and from c + "v to bd (P) in the direction
of u, do not cross. The two inner lines may or may not cross. If the part of
the boundary of P leadingfrom c+ rp; c (uf )ui to (C+ "V)+Ip; (c+yv)(U)U
is a straight line, then by similar triangles (ﬂ) holds as equality; otherwise the
denominator of the LHS and the numerator of the RHS (i.e. the lengths of the
inner slanted lines in Figure ) both becomebigger, and so (E) still holds.

Proof of (ff):
3 3 - 3 4
f Pj@+"v)t if Pic?t! o
Z 3 3 . 3
= log rp; (cervyir (U) i 109 rp, iz (u) uGvdA
u29i l A !
l'ip: (e i1 (U
= log —Piler™v)) (u) u ¢v dA
u2eit M it (U)
maxp2p (P i C) ¢u)
= I P u ¢v dA; by Corollar
Juzsns ) maXze (pi (€ + "V)) ) Y =
maxp2p ((Pi C) ¢u)
= [ P u ¢v dA 10
U2t maxpzp ((Pi €) ¢u)i "veu (10)

We want to show that this integral is > 0. When u ¢v > 0, the (positive)
denominator in (@) is < the (positive) numerator, sothe logarithm is > 0 and



so the integrand is > 0. Similarly, when u ¢v < 0, the logarithm is < 0 and
so again the integrand is > 0. So the integrand of (£Q) is > 0 for all u for
which u ¢v 6 0, which is all of S"i ! exceptfor a set of area zero; therefore the
integral is > 0, as desired, and so (ﬂ) is established. This completesthe proof
of LemmaB4 =

Lemma 3.5 If P 2 P", then there existsc 2 int (P) suchthat Fp (c) = O.

Proof of Lemma @: We can assumewithout loss of generality that the
interior of P contains the origin (otherwise pick an arbitrary interior point of P
and call it the origin); soP 2 P{. It seemsclearthat asc 2 int (P) approaches
the boundary bd (P), Fp (c) ®(c=kck) will decreaserapidly. So our strategy is
to nd " > 0 small enoughsothat for all b 2 bd (P), for all c on the segmenm
strictly betweenO and b with kb ck- ",

c

F .
p (C) ¢kck

0;
then we will be able to apply Lemma [A.2] (see Appendix) using the function
i Fp on aslightly shrunken P, with the amount of shrinkage basedon ".
We will needto do somecalculations in order to seehow small we needto
make ". 3 . i ¢
Let u= tani ! % 2 0;% , wherermp (P);rmax (P) are respectively
the min and max distancesfrom the origin to bd (P).
Forallv2 S"i ! dene
© a
Du(v) = u2 St angle(u;v)- u :
That is, D (v) is the closed(hyper-) spherical disk of radius p certered at v.
Let b be an arbitrary boundary point of P, and v = b=kbk, sob = rp (v) V.
Note that for all ¢ 2 [0;b), for all u 2 D (j v),

re;c(U), rmin (P): (11)

This can be seengeometrically (see Figure E) since, for sud c, the pie-slice-
shaped set

fc+trpn (P)u:u2Dy(jv)andO- t- 1g
is a subsetof the ice-cream-cone-shapd corvex hull of
fz2 R" :kzk - rmin (P)andz ¢v - Og[ fhbg

which is a subsetof P. (u was chosento be small enough so that this would
work for all b on the boundary of P).

Foreahu 2 Dy (v), deneu®= 2(u ¢v)vi u;ie. u®isu re°ected across
v. Then u®2 D (v), and

u®¢v = u ¢v: (12)

10



®)

{ it

Figure 2: Pie and ice cream.

DeneHp,=fz2R":z¢v - bdvg.

Then for any c strictly betweenO and b, ¢ + rp; ¢ (v)v = b is on the
boundary of the closedhalfspaceH, soby corvexity of P, for eacyu 2 D, (v),
at least one of P's boundary points ¢ + rp, ¢ (U)u and ¢+ rp; ¢ (UYuCisin
Hp. [XXX picture would be nice] l.e.

(C+rp,c(Uu)ev- bev or (c+rp;c(UYuYev- bev

bj c)¢v
rp; ¢ (U)U - % or rp;c(uUYu’.

(bj c)¢v
uoc¢v

(sinceu ¢v > 0and u®¢v > 0, sinceu;u®2 Dy (v)). l.e., by ([9),

min (rp; ¢ (W) U;rp; ¢ (UY U - w

kbij ck
= — 1
u ¢v (13)
But for u 2 D (v), we know that

Ya

0- angle(u;v) - u- Z/;

11



s0, sincethe cosinefunction is decreasingon the interval [0; ¥#4],

Py,
u ¢v = cos(angle(u;v)) , cos 1
_ pl_
5
Applying this to (@), we get, for u 2 D (v):
min (rp; ¢ (U)U;rp; ¢ (UYUY - pékbi ck: (14)

Let's look at the cortributions the disjoint setsD, (v), D (j v), and S"i In
Du(v)nDy(j v) maketo f (P j c) ¢v whenc 2 int (P) lies on the segmen
(0;b) and kb j ck - rmin (P).

[XXX In all three of the following computations, | think we can avoid the
udv - kukkvk step, sothat we end up with a bunch of integrals of u ¢v in (L8
sothat it becomesmore uniform aswell as a tighter bound. If we care.]

12



For such c, the cortribution that D, (v) makesto f (P j c) ¢v is:

Z
log(rp; ¢ (u)) u ¢v dA
UAZDu(V) |
1 VA VA
== log(rp; ¢ (U))u ¢v dA + log(rep; ¢ (U)) u ¢v dA
2 ~ u2Dy(v) u2Dy(v)
Az 7 !
-1 log(rp; c (u))u ¢v dA + log(rp; ¢ (u9) u®ev dA
2 ~ u2Dy(v) u%Dy(v)
Az 7 !
-2 109 (rp, o (W)U &v dA + 10g(rp c (U oV dA
2 u2D,(v) u2Dy(v)
. since(u®2 D, (v), u2D,(v)) andu®dv = utv
1
=5 (log (rp; ¢ (u)) + log(rp; ¢ (u9)) u ¢v dA
Zu2Du(v)
1 .
=5 (log (min (rp; ¢ (U);rp; ¢ (U9))
u2Dy(v)

+log(max (rp; ¢ (u);re; ¢ (u%)) u tv dA
[X)Z(X separatenext step into two steps. Also | think maybe diam(P) can be replacedwith rmax (P)]
3 ; .

p_ .
log = 2kbi ck + log(diam(P)) u¢vdA by (i4) andu ¢v > 0
u2Dy(v)
3 :i‘p_ . - Z
log 2kbj ck + log(diam (P)) u ¢v dA
3 0 L, Z.IZD“(V)
log(kbj ck) + log = 2 diam (P) u ¢v dA
b 3u2Du(v) .7
= logkbj ck utv dA + :—Llog pédiam(P) u ¢v dA
2 A2D4(v) 2_7 Dy(v)
: }Iogkbi ck utv dA + }‘Iog p§diam(P) kukkvk dA
2 A1204(v) 2_ . , —/42D,(v)

1 1- P, -
=-logkbj ck utvdA + ~Tog 2diam(P) dA
2 u2Dy(v) 2 u2Dy(v)

sinceu;Vv are unit vectors

w

P NP NP NP

Z - -
:}Iogkbi ck udv dA + }Tog pEdiam(P) “Area (D (v))
2 u2Dy(v) 2
(15)

wherediam(P) = maxfkpi j pok: po;p1 2 Pgexistsandis nite by compact-
nessof P.

13



The cortribution that D, (j v) makesto f (P j c) ¢v is:

z
log(rp; ¢ (u))u ¢v dA
ZUZD”(i V)
log (rmin (P))u ¢v dA by (L) andu ¢v < 0
u2Dy(i v) 7
= log (rmin (P)) u ¢v dA
ZUZDH(i V)
- jlogrmin (P)j kukkvk dA
ZuzD“(i V)
= jlogrmin (P)j dA sinceu;v are unit vectors
u2Dy(i v)
= jlogrmin (P)jArea(Dy (i v)): (16)

And the cortribution that S"' 2 nD (v) nDy(j v) makesto f (P i c) ¢v is:
z
log(rp; ¢ (U)) u ¢v dA
Zuzs"i Dy (v)nDy(i v)

log(rp (u))u ¢v dA;
u29i nD(v)ND (i V)

by the same pairing argumert as the proof of (f) in Lemma .4, sincec is in
direction v from 0
Z
jlogrp (u)jkukkvk dA
Zuzsﬂi InDy(v)nDy(i v)
= jlogrp (u)j dA sinceu;v are unit vectors
ZUZS"i InD,(v)nDy(i v)

max (jlogrmin (P)j;jlogrmax (P)j) dA

VA

max (jlogrmin (P)j;jlogrmax (P)j) dA
u2S'i 1nDy(v)nD (i V)

¢
max (jlog min (P)] ;10g T max (P)j) Area' S" D, (v)nDy(i v) :  (17)

u28"i InDy(v)nD (i v)

14



Putting it all together, we get:
F(Pij c)ev i
=f(Pjc)evif (Pjc)' ¢v bydenition of F

f(Pjc)evi f 'pi lq:tl:v by () in proof of Lemma[3.4,
. , sincec isin direction v from O

P et P vk

:fZ(Pi c)ev+°f ' pite

o i % .
= log(rp; ¢ (U))u ¢v dA + f'pit by de nition of f

U2 i
AZ z z !
= + + log(rp; ¢ (u)) u ¢v dA
0u2I_Du(v) L,U2Du(iv) u2Si nDyu(v)nDy(i v)
+ Of IPI l o
1 z 1= °p =
éIogkbi ck utv dA + é"log 2 diam (P) “Area (D (v))

u2Dy(v)
+ jlogrmin (P)j Area(D (i v)) _ .

+ max(ilogLmn (P)] 1110 max (P)j) Area'S" 1nD, (v) nD, (i V)
+oflpin (18)

by ([5). (). and ([P

Notice that neither the integral nor the areasappearing in (L§) depend on
v at all; they are the samefor all v, depending only on p which is a constart
(depending on P). Sothe only part of (@) that is not constart is kb ck, and
sowe can rewrite ([[§) as:

F(Pjc)ev: logkbj ck C;+ C, (19)

for appropriate constarts C;, C, (depending on P). Note that C; > 0, sowe
can make the RHS of (@) lessthan any desiredtarget by choosing sutciently
small " > 0 and requiring kbj ck - "; then the LHS F (P j c) ¢v will be less
than the desiredtarget aswell.

Now we are nally ready to show that 0 2 range(Fp). By the previous
paragraph (setting our \desired target" to be 0), choose" 2 (0;rmin (P)=2)
small enough so that for all b 2 bd(P) and c strictly betweenO and b with
kbij ck- ",

F(Pjcev- 0
wherev = b=kbk = c=kck; i.e.
F(Pic)ec- 0
Fp(c)tc- O: (20)

15



Dene P- = fOog[ fc2int (P)nfOg:kck- rp (c)j "g; i.e. P- is P with
its boundary shrunk by " units radially towards the origin. Then bd(P-) =
fc2int (P) :kek=rp (c)i "g soall points ¢ 2 bd (P-) satisfy (R0). P- is not
necessarilyin P§ sinceit typically is not convex[XXX picture might be nice];
however its corvex hull hull (P-) 2 P{, and P- Y2 hull (P-) % int (P) (the latter
inclusion being since P- % int (P) and int (P) is corvex). Then bd (hull (P-))
is even closerto bd (P) than bd (P-) is, so all points ¢ 2 bd (hull (P-)) sat-
isfy (Bd) as well. So the function | Fp restricted to hull (P-) satis'es the
hypotheses of Lemma (see Appendix), so by that Lemma there exists
¢ 2 hull (P+) %int(P) such that | Fp (c) = 0, and soFp (c) = 0. &

Exercise 1 If P 2 P", showthat range(Fp) = R".

De nition: If P 2 P", de ne c(P) to be the unique point ¢ 2 int (P) sud
that F (P j c) = 0O; i.e. such that Fp (c) = 0. Existence and uniquenessof
c(P) is guararteed by Lemmas[.g and .4 respectively.

Theorem 1 If P2 P" andc = c(P), thenforanyr > 0, c = c(reciprocal (P;c;r)).

[ XXX in other words, c: P" ! R" is a canonical reciprocation function, if
we de ne that earlier]
Proof of Theorem 1:
Assuming F (P j ¢) = 0, we must show F (reciprocal (P;c;r)j c) = 0.
3 ,

F (reciprocal (P;c;r)j ¢)=F r2(P i c)i ! by (E)

F (Pici'; byLemmaB3
i F(Pi c); bylLemmaB3

i 0 by assumption

0: @

4 Canonical Recipro cation Radius

[ XXX mertion possiblechoicesand relationships with the choice of canonical
center |

5 Open Problems

[ XXX closedformula? algorithm? ]

[ XXX other similar log-basedde nitions I've thought of and haven't dis-
proved?]

[ XXX other de nitions based on matching the primal and dual CG, for
somenotion of CG? ]

[ XXX ade nition that is the certroid when P is a triangle? (or simplex)]
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[ XXX characterize all canonical-recipracation-certer functions. what does
the spaceof all sud functions look like? Doesit have isolated points? ]

[ XXX algebraof them? e.g. canwe linearly interpolate betweenany two of
them? ]

6 Conclusions

[ XXX write me]

A App endix

This appendix proves two topological lemmas related to Brower's xed-p oint
theorem. Lemma [A.7 was usedin the proof of Lemma .5

De nitions: For n , 1, let B" bethe closedunit ball in R", and let S"i  be
its boundary. That is,

B"=fv2R":kvk- 1g
S'il=fu2R":kuk= 1g

Lemma A.1 If f :B"! R" is continuous andf (u)¢u , Ofor allu 2 S"i %,
then9v2B" f (v) = 0.

Proof of Lemma[A.]: Assume,to the cortrary, that the origin is not in the
range of f . Then we can de ne a cortinuous function g: B" I S'i 1 py:

f(v) .
kf (V)Kk’

g(v) =i
g is a cortinuous mapping from B" to B". Brower's xed point theorem states

that any such mapping must have a xed point, so there existsu 2 B" suc
that u = g(u) (and sou 2 S"i 1), So

_ _ . f)
u=g@)=i (WK
f(u)=i kf (u)ku:
But then

f (u)¢u

(i kf (u)ku) ¢u

i kf (u)k(u ¢u)

i kf (u)k

0; since0 62ange(f)

N

which cortradicts the assumptionthat f (u)¢u , Oforallu2 S"it o
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Lemma A.2 If P 2 Pg (that is, P is a compact convexsubsetof R" containing
0 in its interior), andf : P! R" is a continuous function suchthatf (v)& , 0
for all v on the boundary of P, then9v2 P f (v) = 0.

Proof of Lemma : The idea is to simply squashand stretch P radially
from the origin sothat it becomesthe unit ball, and then apply Lemma [A.1]
De ne a homeomorphismh : B" ! P by:

h()=20
h(v)=rp(v)v; VvE6O
whererp (v) is the distancefrom the origin to the boundary of P in the direction
of v. Then the composite function f £h : B" | R" is cortinuous, and for all
u29sit,
fxh(u) ¢u = f (h(u)) ¢u
=f (rp (u)u)cu
= f (re (U)u) ¢rp () u)=rp (u)
0; sincerp (u)u is on the boundary of P.

B

Sof th satis es the conditions of Lemma (.1}, so the origin is in the range of
f £h and therefore is in the rangeof f . ©
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